Transport properties of strongly anisotropic two-dimensional weakly disordered systems are investigated numerically. The statistics of transport parameters could be understood within the random-matrix theory with non-integer parameter β.
Introduction
The aim of this paper is to present non-universal statistical properties of the transport parameters of strongly anisotropic disordered two dimensional (2D) systems. We present results of numerical simulations and show that they could be interpreted within the random-matrix theory (RMT) with non-integer "symmetry parameter" β.
The model we study is the two dimensional (2D) anisotropic Anderson model defined by the Hamiltonian
where i ≤ L x (j ≤ L y ) numerates sites in x (y) direction, respectively. The disorder is present through random energies |ε ij | ≤ 1/2. We put the strenght of the disorder W = 2 throughout the paper; this corresponds to the localization length ∼ 25 for the one dimensional (1D) [1] and ∼ 10 6 for the 2D isotropic systems [2] . The anisotropy parameter t varies from zero (1D limit) to unity (2D isotropic limit).
The quantities of interest are z i , 0 < z 1 < z 2 < . . . < z Ly , defined as logarithms of the ith eigenvalue of the matrix T † T (T is the transfer matrix). z's determine the conductance g of the system as g = 
In the isotropic limit, t = 1, the transport properties of the model (1) were described within the random matrix theory (RMT) [3] , in which the common probability distribution of z's is of the form
In (3), β determines the symmetry of the model: β = 1, 2, 4 for the orthogonal, unitary and symplectic ensembles, respectively, and k = lL y /L x (l is the mean free path). In the limit of small z's the "interaction" and "Jacobian" terms could be approximated as
Besides the system size, there are only two parameters, l and β, which enters (3). This explains the universal transport characteristics of weakly disordered systems. In particular, RMT predicts that (i) the spectrum of zs is linear: z i ∝ i, (ii) the distribution of the normalized differences s = z i+1 − z i follows Wigner surmises W β , and (iii) the distribution of (the normalized) z 1 follows Wigner surmises W β=1 independently on the physical symmetry of the system [3, 4] .
Absence of any free parameter in the distribution (3) addresses the question whether or not the distribution (3) could be applied to anisotropic systems. As the anisotropy does not disturb the metallic regime for a proper choice of system parameters, it is reasonable to assume the positive answer. Nevertheless, as we will show below, anisotropy changes the shape of the spectrum of zs and their statistics considerably. In particular, it opens the gap in the spectrum of zs. Consequently, parameter t must enter (3, 4) . It is evident, due to the qualitative change of the form of the spectra of zs, that the role of the anisotropy cannot be restricted to a change of the mean free path l.
The aim of this Paper is to prove on the basis of numerical data, that it is the "symmetry parameter" β which becomes t dependent. Of course, this does not mean that the symmetry of the system changes when t < 1. Instead, we interpret β as the strength of the interaction in the coulomb gas analogy [3, 4] . Anisotropy tunes this interaction. As there is no interaction for t = 0, it is reasonable to suppose that β → 0 as t → 0 [5] .
Our considerations support the recent observation of Muttalib and Klauder [6] , who found that the "symmetry parameter" β < 1 is consistent with the DMPK equation [7] . In their analysis, β is determined by the statistical correlations of eigenvectors and eigenvalues of the transfer matrix. We believe that such interpretation could explain the anisotropy -dependence of β, observed in the present work.
The paper is organized as follows: in Section 2 we present numerical data for square samples and find that the statistics of zs could be described by the distribution (3) if the parameter β is allowed to posses non-integer t-dependent values. In Sect. 3 quasi-one dimensional systems are considered. Non-integer values of β are derived from the form of the spectra of zs. We find that the last one has a gap for small t. The gap disappears only when t increases above a certain limiting value for which β(t) already equals to unity. Discussion of the obtained results is given in Section 4.
2 Spectrum of zs for quadratic samples.
In this Section we study the statistics of zs for anisotropic square samples, L x = L y . The quantity of interest is the probability distribution P (s) of (normalized) differences z i+1 − z i . The random matrix theory predicts the small s limit of P (s) as
It is, therefore, reasonable to search for the non-universal values of β by an analysis of P (s). Our model possesses the orthogonal symmetry. Owing to (5), the linear dependence P (s) ∼ s should be observed for β = 1 independently on the other model parameters. However, we found that P (s) is not linear for a small anisotropy parameter t. In the left part of Figure 1 . we present numerical data for the density P (log s) and it's comparison with the two limiting cases P (log s) ∝ log s (t = 0, P (s) is Poissonian) and P (log s) ∝ 2 log s (t = 1, P (s) is Wigner surmise). Ensembles of 10 5 samples of the size 50 × 50 were analyzed for each t. The data confirms that P (s) ∼ s β with t-dependent exponent β, 0 ≤ β ≤ 1. Obvuiously, lim t→0 β(t) = 0 while β(t) → 1 for t ≈ 0.5.
Inset of Figure 1 shows β as a function of t as was found from the fit log P (log s) = [1 + β(t)] log s
for different values of t. The right part of Figure 1 presents P (s) for s > 1. The t-dependence of the exponential tail of the distribution corresponds to the t-dependence of β. Similarly to the left part of Figure, the form of the distribution varies from Poissonian (t = 0) to Wigner surmise (t ≥ 0.4).
Contrary to P (s), the distribution of the smallest z 1 , P (z 1 ), is close to Wigner surmise (Fig.2) for any t. Also this property corresponds to RMT ensembles [3] .
Relation (5) together with numerical data indicates that β < 1 even though the orthogonal symmetry of the model. To support this conjecture we studied also the spectrum of zs. Results are presented in Figure 3 . In difference to isotropic systems, spectrum is not linear for small t. Instead, there is a gap at the beginning of the spectrum. Another typical feature is the common crossing point in the middle of the spectrum: z L/2 /(L/2) does not depend on t for small t and equals to z 1D for the one-dimensional chain of the length L x . This supports the interpretation of β(t) as the strength of the interaction which removes the L y -fold degeneracy of the spectrum for t = 0 [5] . For t ≥ 0.5, the gap is closed, and spectrum becomes linear in accordance with RMT; this is consistent with previous estimation of β(t) which is ≈ 1 for t ≥ 0.4 (inset of Fig. 1 ).
We will come back to the analysis of the spectra in the next Section. Now we note that for the model (3, 4) it is possible to find analytical expression for the most probable values of z's [8] . The last solve the system of nonlinear equations ∂H/∂z i = 0. After some algebra we find
[10] where j α (i) is the ith zero of the Bessel function J α . In particular, for β = 1, α = 0 and relation (7) gives z i ∝ i for i >> 1.
In the inset of Figure 3 we compare the ratios z 2 /z 1 , z 3 /z 2 and z 4 /z 3 , obtained numerically with theoretical prediction based on relation (7). Parameter α is estimated from β(t) as is given in inset of Figure 1 . Agreement is very good for not too small anisotropy parameter, α < 2. Figure 4 presents the distribution of the conductance for strongly anisotropic system and its comparison with the isotropic one. In the inset we show how the mean conductance g and its variance change with t. Although var g decreases with t, we have not succeeded to fit data to the theoretically predicted relation var g ∼ β −1 [9] . The β-dependence of g and var g.
Quasi-one dimensional systems
We study in this Section the spectrum of zs in the Q1D limit L x /L y → ∞.
For convenience, we re-scale z →
Ly
Lx z. Numerical data will be compared with theoretical prediction of DMPK [11] :
Relation (8) gives linear spectrum,
For β = 1 z i = i × z 1 and the the slope of the gap-less spectra is determined only by the mean free path l. This is what we observe in the isotropic systems. In Figure 5 we present numerical data for the spectra of the transfer matrix for different values of t. Two diferent forms of the spectra could be distinguish:
For t ≥ 0.2, (Figure 5a ) the spectrum of zs is gap-less and linear, z i = i × z 1 . The slope is determined only by the mean free path l [11] .
For small t, t ≤ 0.2, however, the spectrum has qualitavely different form (Figure 5b ). Althought it remains linear, it possesses a gap at the beginning. The value of the z L/2 remains independent on t and equals to z 1D of the onedimensional chain. Nevertheless, this spectrum still could be interpreted by formula (8) , if we accept the t-dependence of the parameter β. Indeed, for β < 1, relation (7) predicts a gap at the beginning of the spectra. Moreover, an assumption that the mean free path l is independent on t assures the t-independent value of z L/2 Up to 1/L y -terms). The slope of the spectrum, estimated from its middle part, is then determined by the t-dependent parameter β. The spectrum possesses a gap at the beginning, and is linear. The slope of the spectrum is determined mostly by the anisotropy parameter. Inset: β(t) as has been obtained from (8) . Note that β is larger than for quadratic samples. (c) The t-dependence of the smallest z 1 for L = 10, 20 and 40. Data show how the gap in the spectrum opens as t → 0 We show also that the middle point of the spectrum,
, as it should be in the gap-less linear spectrum. Fig. 5b presents β(t) obtained by this analysis. Note that β < 1 is also responsible for the gap: due to (8) z 2 − z 1 < z 1 .
Insert of
It is worth to mention that β(t) obtained in this Section differs from that in square samples (Fig. 1) . The reason for this difference lies in the shapedependence of β. To find the correspondence between our results for squares and for Q1D systems, we analyzed the distribution P (s) for different system shapes and calculate the corresponding β-parameter from (6). We found that β increases as a function of L x /L y . On the other hand, the conductance of the system decreases with the system length. We cannot use the relation (6) outside the metallic phase. If the anisotropy parameter t ≥ 0.2, then there is the system length, for which the system is metallic and β reaches already the limiting value = 1. However, for stronger anisotropy, t < 0.2, the system leaves the metallic regime already when β < 1 -there is no metallic phase with β = 1 in these systems.
Conclusion
We presented numerical data for strongly anisotropic weakly disordered systems. Our data support the conjecture, that the statistics of the transport parameters z could be described by the random matrix theory with non-integer symmetry parameter β. This does not mean that the physical symmetry of the model changed. Instead, we proposed an another interpretation of the β, based on the coulomb gas analogy.
The present observations are in a good correspondence with the recent generalization of the DMPK equation [6] , where the symmetry parameter β is allowed to posses any real positive value. As β is determined by the statistical properties of the eigenvectors and eigenvalues of the transfer matrix, it is reasonable to suppose that its value would be influenced by the anisotropy of the model. We believe that the anisotropic model discussed in this Paper represents the physical system to which the generalized DMPK equation could be applied.
Finally, let us note that the RMT with non-integer β contents also for the description of the transport statistics of strongly disordered isotropic systems [10, 12] .
